The main purpose of this work is to investigate the usability of easily obtainable parameters instead of the modal traditional ones, in the context of a flexibility-based damage detection procedure, under the assumption of unknown structural masses. To this aim, a comparison is made between two different approaches: the first involves the calculation of the flexibility matrix by using traditional modal parameters, such as natural frequencies and modal vectors, normalized to unitary values, while the second involves the use of singular vectors, obtained through a simple matrix factorization. The modal parameters and the singular vectors necessary for the implementation of the damage detection procedure are evaluated through two different techniques: the Eigensystem Realization Algorithm and a wavelet-based procedure, for which a variant is proposed by introducing the energy reassignment concept into the original algorithm. Through the latter approach, in particular, it is possible to obtain a high number of singular vectors even in the case of reduced availability of sensors. The study is performed under the assumption of nonstationary excitation, in order to achieve general results, and the effectiveness of the procedures is evaluated through simulated tests regarding different structural schemes.
Introduction
Seismic risk, meant as an estimate of the damage expected in a given time interval, is determined by the combination of three factors: seismic hazard, measured on the frequency and the energy of earthquakes registered in a certain area, vulnerability (i.e., the proneness of a building to manifest damage in occurrence of a seismic event), and the exposure, evaluated on the number of assets exposed to risk. In view of the seismic risk reduction, it is possible to operate only on the vulnerability factor, by adopting appropriate measures in the design phase for the newly built structures or by monitoring the existing ones in order to ensure the necessary safety interventions.
In most of the practical cases, the safety of a civil building is traditionally assessed on the basis of qualitative direct observations, driven by experience, often accompanied by invasive techniques [1] . Together with the need of detecting more accurate data related to the structural operational conditions and thanks to the recent improvements of sensing technology, several techniques have been developed in the Vibration-Based Structural Health Monitoring (SHM) scenario, through the processing of data collected by suitable sensors (generally accelerometers), arranged on the monitored structure [2, 3] .
One of the main purposes of SHM is the qualitative identification of a possible damage on the operative structure and its localization [1, 4, 5] . The damage generally entails a reduction of structural performances, modeled as a stiffness decrease. It is also assumed that the damage directly affects natural frequencies and modal shapes but does not involve any change in masses. Flexibility-based approaches are among the most used methods for damage detection and entail the computation of the flexibility matrix at two different time instants, in order to evaluate the variation between these matrices, which can be interpreted as a variation of the structural characteristics. In order to build the flexibility matrix, natural frequencies and modal shapes are needed [6] , which can be evaluated through dynamic identification techniques.
In literature, two main methods for conducting modal identification are widely described: Experimental Modal Analysis (EMA), in which the identification procedure is performed starting from input and output data [7] , and Operational Modal Analysis (OMA), in which only the output data is used [8, 9] . The difficulty of implementing the EMA for large-scale structures and its high economic burden have shifted the interest of the most recent studies towards outputonly methods, in which the input is given by the natural excitation (i.e., wind, traffic, and minor seismic phenomena) [10] . Most of the algorithms used in OMA are based on the assumption of modeling the input signal as white noise with stationary characteristics. Owing to the partial enforceability of the aforementioned assumptions (e.g., sudden changes in wind direction and speed) [11] , some recent researches refer to techniques based on the assumption of nonstationary inputs. In this context, new tools have been developed, such as the Wigner-Ville distribution and the wavelet transform, which allow the joint time-frequency domain representation of the signal [11] [12] [13] [14] [15] [16] [17] [18] .
The most recently implemented procedures in these research fields go towards the increase in performance, preferring fast and computationally less expensive methods. In the context of flexibility-based damage detection, the main objective of this paper is to propose and evaluate the effectiveness of an approach that uses a mixing matrix, obtained through Singular Value Decomposition (SVD) [19] , compared to the traditional approach that involves the modal matrix (Figure 1 ), under the assumption of unknown masses. It is known from the literature that a fast estimation of modal vectors from the dynamic structural responses can be obtained through Blind Source Separation (BSS) techniques [9] , which provide a mixing matrix with properties different from those of the real modal matrix. In particular, the SVD is one of the simplest techniques used for BSS, and its use would allow simplifying the whole damage detection procedure.
Since the SVD would provide a number of singular vectors (i.e., the columns of the mixing matrix) equal to the number of recorded dynamic structural responses, a Wavelet Scalogram and Singular Value Decomposition-based technique (WS-SVD) [20, 21] or a transformed version (WS-TSVD) [11, [22] [23] [24] [25] could be applied for signal sparsification in case of reduced availability of sensors, in order to allow the extraction of modal responses, which can be used for the estimation of a larger set of singular vectors. These procedures also allow the estimation of natural frequencies, even in the case of nonstationary excitation. Since a correct estimate of these parameters is of the utmost importance for the flexibility-based damage detection, a variant of the original WS-TSVD-based procedure is proposed, aimed at further improving the obtained results. In particular, two steps are introduced within the original workflow: the first entails an energy reassignment process, widely applied in the field of signal analysis [18, [26] [27] [28] [29] , and the second consists of an energy-based filtering procedure.
The combination of the Reassigned WS-TSVD-based method (RWS-TSVD) for signal sparsification and the SVDbased approach for the computation of the flexibility matrix would allow fast recognizing structural damage by approximate calculations, without a large number of sensors and the knowledge of structural masses, only by using the acceleration time histories recorded at different points of the analyzed structure. In this way, contrary to other methods that provide specific tests to mass-normalize the modal matrix [30, 31] , it 3 is possible to estimate the damage without interrupting the ordinary use of the analyzed structure. After a first quick test, the procedure could be reperformed by moving the sensors, in order to investigate more accurately the damage entity and location.
The paper is organized as follows: in Section 2 the SVD and the analogies with modal superposition are recalled; in Section 3 the wavelet-based sparsification and identification procedure is briefly described, focusing on the highlights of the proposed variant; in Section 4 the flexibility-based damage detection is discussed, with particular attention to the use of singular vectors as damage sensitive parameters and to the approximations caused by the lack of mass matrix. In Section 5 the described procedures are applied on discrete and continuous systems, by simulated tests performed through a finite element software.
In order to study the effectiveness of the examined procedures, several comparisons are reported in Section 5. Firstly, the estimated error on the natural frequencies obtained through the RWS-TSVD-based method is evaluated. Subsequently, a comparison is made between the frequencies obtained by the RWS-TSVD-based procedure, the traditional WS-TSVD-based algorithm, and the consolidated Eigensystem Realization Algorithm (ERA) method [32] . After evaluating errors on natural frequencies, those on the flexibility matrices are estimated. In particular, the matrix computed through natural frequencies and modal vectors, obtained by using the ERA, will be compared to the matrix computed through singular vectors and natural frequencies, estimated by the RWS-TSVD-based method. Finally, the errors on the damage estimates are studied, comparing the results obtained by using the two different flexibility matrices described above.
Singular Value Decomposition and Modal Superposition
In this section, we briefly recall the basic theory of Singular Value Decomposition and the analogies with the modal superposition problem. From now on, with the notation A ∈ R × we mean that A is a real matrix with rows and columns, while with the notation a ∈ R we mean that a is a real column vector with terms. Also, we call the number of Degrees of Freedom (DOFs) of the structure and the number of sensors arranged on it. For the discrete systems, since every DOF is associated with an independent movement and with recorded time histories we intend the acceleration relative to an independent movement, it is assumed that control points can be chosen within the set of DOFs (and ≤ ).
Considering H ∈ R × the matrix whose rows represent the acceleration time histories h (each containing time samples) collected at the th control point of the structure, every row can be expressed as a linear combination of all the structural responses, represented as columns in the matrix S = [s 1 ,s 2 , . . . ,s ] ∈ R × :
where Φ = [ 1 , 2 , . . . , ] ∈ R × is the modal massnormalized matrix (i.e., the norm of each modal vector is equal to = (
, where M is the mass matrix of the structure and = /‖ ‖) and Σ ∈ R × is a selection matrix whose rows are each equal to zero vectors, except for the th element equal to 1, which corresponds to the position of the th control point. Considering the case in which the number of sensors is equal to the number of DOFs ( ≡ ), the matrix Σ becomes an identity matrix of order , and the problem can be described as
Since the aim of identification process is that of estimating modal parameters by analyzing registered time histories, neither S structural responses nor the modal matrix Φ are known. The modal superposition problem described above lies in the class of unmixing problems, on which a Blind Source Separation (BSS) technique can be applied with the aim of estimating the mixing matrix Φ. If the number of mixed recordings is equal to the number of sources (columns of S), the problem is determined and can be solved directly. Otherwise, if < , that is, the most common case in the modal identification problems, Φ can be estimated after sparsifying the registrations, that is, changing the domain of the registered mixes in order to bring out a number of independent parameters characterizing the sources, equal to or greater than .
Focusing on the determined problem ( ≡ ), the BSS can be carried out by means of a SVD of the recordings matrix. In particular, a real matrix H ∈ R × can be factorized as
where 
Starting from the latter representation, since the modulus of decreases when the index increases, it is simple to note the analogies between the modal matrix, whose columns consist in ordered modal vectors, and the matrix Ψ, whose columns represent the sets of coefficients that, multiplied by the right singular vectors, better approximate the matrix H. In fact, a structural response signal can be effectively approximated by taking into account a number of vibration modes proportional to the desired precision level.
It is noted that the matrix Ψ does not correspond exactly to the modal matrix, and thus the right singular vectors are different from the modal responses ( Figure 2 ). In particular, Ψ is composed of orthonormal vectors, that is,
while Φ is composed of vectors such that T M = 1 [33] .
Modal Identification
The main purpose of dynamic identification is to determine modal parameters, represented by natural frequencies, damping ratios, and modal shapes, from dynamic recordings. In case the exciting input is nonstationary, assuming the analyzed system as linear, the structural response will also have time-varying characteristics [6] . For this reason, in order to obtain significant results, it is essential to conduct analyses in the time-frequency domain. Indeed, the vibration modes are easier to detect when the input has frequency values similar to the structural natural ones. If the input acceleration is characterized by a narrow band of frequencies, which varies over time, it is likely that not all modes can be identified simultaneously, but only at certain time intervals. In this section we briefly describe the RWS-TSVD-based technique for signal sparsification and modal identification. The procedure is composed of three steps: the sparsification of the collected time histories (TH), the features detection, and the modal identification (Figure 3 ).
Signal Sparsification and Features Detection.
In the first step the collected data is processed by continuous wavelet transform, in order to compute a scalogram, whose content can be interpreted as a signal energy density distribution [13] . Specifically, the analysis is carried out by selecting the Morlet wavelet as mother function, which best suits harmonic signals, since the scale parameter is characterized by a unique relationship with the signal frequency obtainable by Fourier analysis [14] .
In order to improve the scalograms readability and to reduce the interference caused by mutual energy between different signal components, an energy reassignment operation is performed. This technique involves assigning the calculated energy levels to the weighted centroid of the analysis windows rather than to their geometric center [18, [26] [27] [28] [29] . In this way the energy peaks are more homogeneous in the different scales and have a lesser spread in the time-frequency plane.
Following the computation of scalograms, the areas of interest to extract the modal parameters should be evaluated. This phase consists of features detection, which can be done by decomposition of the two-dimensional distribution into vectors representing the energy density of the analyzed signal [11] . For this purpose, recent studies that use the SVD [20, 21] and the TSVD (whose bases are obtained by rotating the bases of the traditional method) [11, [22] [23] [24] [25] have been developed.
In the feature detection phase, the energy peaks associated with vibration modes are selected. It often happens that computational modes are also identified, which do not refer to the dynamic behavior of the system. In order to minimize user intervention in the identification procedure, a filter has been introduced into the algorithm to eliminate computational modes. In particular, the Root Mean Square (RMS) energy has been computed for each wavelet coefficients vector, and a threshold has been set to eliminate those with an energy value lower than the 10% of the highest RMS value.
As the RWS-TSVD-based algorithm detects narrow areas in terms of frequency, the corresponding wavelet coefficients can be interpreted as single modal responses and then processed as SDOF responses for the identification of modal parameters.
Extraction of Modal Parameters.
Following the selection of the modes of interest, natural frequencies can be estimated by Fast Fourier Transform (FFT) of the wavelet coefficients extracted from each energy peak. It is noted that FFT does not consider the time aspect of the analyzed recordings, but each wavelet component is characterized by a narrow frequency band, making it possible to estimate natural frequencies without merging vibration modes. For the same reason, also the damping ratio can be computed for each wavelet component as for SDOF signals. Damping ratio can be considered as a further damage detection parameter [34] but is of difficult interpretation for the sake of damage magnitude evaluation. Therefore, in the present paper, we only focus on natural frequencies and modal shapes to formulate considerations on the damage level.
Regarding the modal shapes, in the case of large number of sensors (nearly determined problem), we investigate if the modal matrix can be assumed as the Ψ matrix computed as explained in Section 2, considering the fact that the error increases with the / ratio. Otherwise, in the case of strongly underdetermined problem ( ≪ ), the scalogram could result in a convenient sparse representation for each registered signal, since it highlights the energy peaks associated with single vibration modes. The BSS problem could thus be formulated by assuming the wavelet coefficients corresponding to each identified peak as a single source vector, multiplied by the , element of modal matrix, where is the control point position index at which the registration is recorded and is the mode index that represents the peak identified in the th scalogram. This procedure allows extracting the th vector ∈ R (whose elements are nearly proportional to the corresponding elements of the modal vector ∈ R associated with the frequency ) by computing the SVD of the matrix whose columns consist of wavelet coefficients, obtained at the same identified th natural frequency (energy peak), each corresponding to a different control point of the structure.
Considering w , ∈ R the wavelet coefficients vector computed at the circular frequency on the time history registered at the th control point, a SVD of the matrix
T can be performed as
where Ψ ( ) is an × matrix, whose first column represents the vector . In order to obtain a complete (or a larger) vector , if the number of sensors is small compared to the number of DOFs ( ≪ ), repeated tests can be performed, after displacing the sensors and keeping at least one in the same position, to allow the normalization of the whole set of collected coefficients at the same value. Indeed, taking two elements , and , of the vector , they are only representative of the ratio , / , , because of their normalization. Several identification algorithms widely described in the literature allow estimating directly the modal matrix instead of a similar-meaning matrix, assuming that the matrix of structural masses is known. One of them is the ERA [32] , originally implemented for impulse response signals, which allow the immediate description of the Hankel matrix, starting point of the algorithm. Thanks to the speed and accuracy of this method, several variants have been introduced in order to make it applicable to natural vibration signals. In this context, the Natural Excitation Technique (NExT) [35] and the Random Decrement technique (RD) [36, 37] were used to derive system impulse response functions from response time histories to stochastic input. The first mentioned technique uses signal correlation and is based on the assumption that the input is characterized by a stationary zero-mean white noise, with Gaussian distribution; the second technique instead refers to the average of different signal segments that have the same initial conditions.
If the mass matrix is unknown, the modal matrix obtained by ERA (or other methods) is not mass-normalized, and the th modal mass-normalized vector is expressed as
where is the th nonnormalized modal vector. In order to obtain usable results for the sake of damage detection through flexibility-based methods, the structural flexibility matrix has to be computed. To this aim, without the knowledge of masses, a pursuable criterion is that of normalizing every modal estimated vector so that where I is the identity matrix and
is the unitary-mass-normalized modal matrix. Because of its normalization, the flexibility matrix obtained from Φ is proportional to the flexibility matrix of a structure with a diagonal mass matrix such that M = I, where is a constant value, equal to the mass associated with each DOF of the structure. It is easy to see that the more the masses are effectively equally distributed along the structure, the more precisely the described criterion is pursuable. It is noted that Φ and Ψ matrices are obtained by different procedures, and in particular, the matrix Ψ is generally obtainable in an easier way, since it involves a simple matrix factorization. However, considering the similarities between relations (2) and (4) in addition to the analytical meaning of the two matrices, as explained above, Ψ could be used in a flexibility-based damage detection procedure instead of Φ. In the following sections, the case of damage estimation under the assumption of unknown masses will be investigated, evaluating the reliability of the results obtained by using the matrix Ψ instead of Φ by means of simulated tests.
Damage Detection
For a precise and reliable estimate of the damage in complex structures, a large number of sensors are generally required [4, 5] and the model suitable for damage detection strictly depends on the typology of the analyzed structure. Considering the example of reinforced concrete frames, damage may occur at the columns, beams, or nodes, requiring appropriate assessments for each element. However, usually even in the design phase, it is possible to assume simplified hypotheses at the basis of the model used to perform structural calculations [38] . Moment Resisting Frame (MRF) and other structural typologies can be analyzed, depending on the case, by evaluations made on two limit schemes or a mediated condition.
In particular, if it is possible to model the beams as infinitely stiff, the frame behavior can be assumed as sheartype (Figure 4(a) ); that is, it is assumed that the nodes can only translate, by inhibiting rotations. In this case, it is possible to model the structure as a discrete system, where the number of DOFs is equal to the number of allowed translations. The mentioned system can also be modeled as a continuous cantilever beam, deformable only for shear, whose stiffness is obtained by the methods described in the following sections.
If columns are made up of strong elements and the connecting beams can be schematized as weakly bending resistant elements, the structure can be modeled as a set of cantilever beams connected by truss elements (Figure 4(b) ).
From the knowledge of natural frequencies and modal mass-normalized matrix, it is possible to obtain the flexibility matrix of the structure [6, 33] , expressed by the relation:
where Φ ∈ R × is the mass-normalized modal matrix and Ω = diag{ } is the natural circular frequencies matrix. If the available data is incomplete, or for a number of known vibrational modes of < , we can estimate the approximate flexibility matrix as
where is the th mass-normalized modal vector [39] . By using the vectors , computed by means of the SVD (possibly through a set of repeated tests), we can compute an approximate nonnormalized flexibility matrix as T is applied to the analyzed structure, it is possible to estimate the corresponding displacement vector as
Given the vector (11) it is also possible to compute the interstory drift (ID) for the th story, by the difference between two subsequent terms of the u vector. It is therefore possible to evaluate the variation of the ID between an initial and an eventually damaged condition, in order to determine whether the system has undergone a decrease in stiffness between the two different time instants. In particular, the ID of the th story caused by the story shear can be expressed as
where is the th story flexibility, ℎ represents the th story height, is the elastic modulus of the considered material (supposed as constant for each story), and , is the th story stiffness (i.e., the sum of column stiffness of the th story) in the direction of load. In order to obtain the th story stiffness variation between the integer and the damaged condition, the relation (12) can be reversed, obtaining
where the terms◼ characterize the damaged structure. Finally, the results of (13) can be grouped into vectors and , the elements of which represent, respectively, the variations in story stiffness and the ID of the whole structure. The th element of can also be expressed as
where g is the th line of the system's flexibility matrix. With reference to relation (9), flexibility matrix can be expressed as a function of the modal vectors normalized to unitary masses:
where is the th unitary-mass-normalized modal vector and is the normalization coefficient [30, 31] , generally different for each modal vector, obtained as
where M is the mass matrix of the structure, supposed as unknown. It is noted that, in traditional flexibility-based damage detection techniques, the normalization coefficients evaluation is necessary. For this reason, if the real distribution of masses is unknown, the approximate assessment of the structural masses involves the introduction of related estimation errors. Substituting (15) in (14) it is possible to express the elements of the story stiffness variation vector as a function of unitary-mass-normalized modal shapes and natural frequencies of the system, obtained by the identification process conducted at two different time instants. Assuming that modal shapes vary in modest quantities between the integer and the damaged conditions, coefficients can be considered as unchanged. Furthermore, if masses are nearly uniformly distributed along the structure, the decrease in stiffness can be evaluated depending on the first vibration modes identified, through the relation:
where p represents a unitary vector and , the th element of . Similarly, by using the singular vectors, we can evaluate the decrease in stiffness as
In the Applications section the reliability of relation (18) and the differences between the results obtained by using (18) instead of (17) are investigated.
Continuous Shear-Deflecting Cantilever Beam.
In order to generalize the obtained results, continuous schemes are also studied. If the structure analyzed in the previous case is regular in height, both in terms of mass and stiffness, it can be modeled as a continuous cantilever beam deflecting for shear, where its mass is distributed and whose equivalent stiffness is the mean value over all stories of the terms ( ) , (i.e., the th segment stiffness), estimated by equating the drift of the two systems shown in Figure 5 :
where ℎ is the th story height, is the elastic modulus of the considered material (supposed as constant for each story), and , is the th story stiffness in the direction of load, as in the previous case. Applying a number of sensors at a variable spacing on the analyzed structure, the procedure is similar to the shear-type case, where the order of the system is represented by . Assuming the application of a unitary force vector at the sensors location, the damage index can be estimated as an ID variation, as explained above. It is noted that the localization and quantification of decreasing stiffness depend on the spacing: the greater the number of sensors is, the more precisely the damage position will be located. In addition, the decrease in stiffness, expressed as a percentage of variation, is related to the part of the structure between two sensors: for the same damage, the higher the spacing, the lower the percentage of estimated damage, with the consequent increase in calculation error.
Continuous Bending Moment-Deflecting Cantilever Beam.
In case the structure can be modeled as a continuous cantilever beam deflecting for bending moment (e.g., reinforced concrete walls), each control point can also rotate as a result of load application (Figure 4(b) ). By assuming that the sensors are close enough, the structure can be modeled as a set of beam segments with different stiffness values, delimited by control points. In this case, it is possible to obtain the flexibility matrix and the displacement vectors of the control points subjected to unitary loads, similarly to the previous cases. However, since nodes are also allowed to rotate, the displacement has to be cleaned of the term associated with the rigid rotation of the structure above the th node, caused by the whole set of loads applied on the structure. It is therefore necessary to perform a recursive procedure, initially evaluating the rotation of the first control point from the base, knowing the 1 displacement of the same point:
where is the number of sensors applied to the structure and ℎ is the distance of the th sensor from the base of the structure. Considering for simplicity that the sensors are placed at constant spacing , the relation (20) becomes
The upper part of the structure will therefore be subject to a rigid rotation of 1 , in addition to the elastic deformation caused by the loads above the first control point. The net ID of the second segment is thus evaluated as
This value must be used to obtain the total rotation of the second node, as
It will thus be possible to evaluate the next ID from which the rotation of the same node can be obtained, until the th term. The estimate of damage is thus evaluated as an vector whose elements have the form:
It is important to emphasize that relations (20)- (23) are valid if the stiffness value is constant along the considered segment. This hypothesis is usually not verified if the damage is concentrated in a small section of the structure (e.g., cracking or concentrated lesions, where the element curvature changes abruptly). In this case, relation (24) would provide accurate results only with respect to the first lesion from the base of the structure, as the upper control points rotations would be incorrectly evaluated. This drawback can be overcome by decreasing the discretization interval, so that segments between sensors are small enough to be considered with a constant stiffness along their whole length.
In the case of reduced availability of sensors, however, it is possible to decrease the discretization interval by performing repeated tests with the same sensors in different positions, maintaining one fixed at a time, in order to normalize modal shapes at the same value ( Figure 6 ). In this way, it is possible to increase the number of control points and thus the rank of the matrix Γ.
It is also noted that the method described in this paragraph is more sensitive to the errors on natural frequencies than the technique described for shear-type structures. This phenomenon is due to the increased overall number of DOFs and can be fixed by averaging the results obtained through the modal identification processes, carried out on different tests with displaced sensors.
In case of systems that can be modeled as several cantilever structures connected together by flexible beams, it is possible to approximate them as truss elements. Under these assumptions, we evaluate the overall stiffness of a flexural deformable equivalent structure as
where is the stiffness of a single cantilever beam and is the number of interconnected structures.
The described cases represent simple structures whose behavior can be studied in two dimensions. If the examined structures have a more complex behavior (e.g., asymmetrical structures or with eccentricity of the masses), a higher number of sensors could be needed to record the acceleration in multiple directions, in order to study the three-dimensional behavior of the system. If, moreover, the materials have a strongly nonlinear behavior (e.g., historical masonry buildings), the problem becomes more complicated and a precise mechanical characterization must be carried out before choosing the model to be used for damage estimation purposes [40] [41] [42] [43] .
Applications
In this section, the effectiveness of the use of singular vectors for damage detection purposes is examined by means of simulated tests on different structural typologies. A comparison between the modal parameters obtained by the traditional ERA and those computed by using the waveletbased procedures is also shown, by using the same dynamic recordings, with the aim of comparing two quantities affected by error. In order to prove the reliability of the methods even for real life cases, in which there is always an error due to the instrumentation sensitivity, for each application a white noise level is artificially introduced into the recordings, as specified for each following case. In the analyzed examples, the fluctuations of the modal parameters due to environmental mutations, such as changes in temperature or operative conditions, are neglected. However, since the analysis in the time-frequency domain allows the estimation of instantaneous modal parameters over time, under more complex environmental conditions, in order to obtain the clean modal parameters necessary for the estimation of damage, removal techniques could be used, as widely described in literature [40] [41] [42] [43] [44] [45] . Therefore, in the following examples we use parameters cleaned up by environmental effects, taking into account the instrumentation sensitivity only.
Shear-Type Frame.
The first case is a lumped-mass reinforced concrete plane frame composed of four stories, each consisting of five equal columns, in which the beams are assumed as infinitely stiff, so that the structure can be modeled as shear-type ( Figure 7) . The described structure is fully characterized by four vibration modes. The mass matrix M and the stiffness matrix K are evaluated on the basis of the geometric data (Table 1) , taking into account also the other structural and nonstructural components in mass computation. The mass-normalized modal matrix Φ and the natural circular frequency matrix Ω are obtained by solving the eigenvalue problem for the undamped system in free vibration. 
Finally, the flexibility matrix G is obtained as inverse of the stiffness matrix: 
Modal Identification.
In the first analysis, a stochastic acceleration with nonstationary characteristics is applied at the base of the structure, with reference to the accelerogram shown in Figure 8(b) . By applying the RWS-TSVD-based identification procedure on the time history collected at the sensor S1, on which an error of 5% (in terms of energy, with respect to the recorded signal) has been introduced, the circular frequencies are evaluated and reported in Table 2 . Furthermore, an SVD of the matrix composed of the whole set of structural dynamic responses has been performed, obtaining the left singular vectors (also shown in Table 2 ) and the right singular vectors, reported in Figure 9 next to their frequency domain representations. It is observed that the frequency values estimated by the RWS-TSVD-based procedure are approximately coincident with the maximum frequency values of the Fourier spectra computed on the right singular vectors, confirming the fact that the estimated parameters correspond to real vibration modes.
In Figure 10 the features detection procedure is shown in detail: the traditional wavelet scalogram (Figure 10(a) ) and the reassigned version (Figure 10(b) ) are reported, and since the energy spread is lower in the second case, a more precise features detection (Figure 10(c) ) is allowed. It should be noted that the structural masses have not been used during the identification phase.
Error Evaluation and Comparison. A comparison between the identified singular vectors
and analytical unitary-mass-normalized modal shapes is reported in Figure 11 . With the terms◼ we indicate the quantities estimated by the identification algorithm, thus having an error, as reported in Table 3 . The identification algorithm is general and would allow the correct identification of the examined structure, even in case of flexible beams. In particular, assuming beams of 30 × 50 cm and removing the hypothesis of infinite stiffness, the average error over all modes in natural frequency evaluation is of 1.87%.
In this section we also compare the error level of the frequencies obtained through the wavelet-based methods and the ERA. For this purpose, three different tests are performed, each by using one of the acceleration time histories of Figure 8 as input, for which the natural frequencies of the structure represented in Figure 7 are evaluated. In particular, the time history of Figure 8 (a) is a zero-mean white noise with Gaussian distribution, representing stationary ambient vibration applied to the base of the analyzed structure. The accelerogram of Figure 8 (b) is a nonstationary stochastic signal which represents a more general ambient excitation, also applied to the base of the structure; meanwhile the input of Figure 8 (c) represents an elastic shock applicable to any level of the structure (in this case at the second floor, simulating a forced impulsive vibration test).
The structural responses (collected with a frequency sampling of 100 Hz) have then been processed by using the wavelet-based procedures and the ERA, separately. In particular, the results of wavelet-based algorithms are compared to those obtained by means of NExT-ERA, applied to the responses obtained by the input acceleration (a), RD-ERA, applied to the responses obtained by the input acceleration (b), and ERA, applied to the responses obtained by the input acceleration (c) of Figure 8 . Lastly, a comparison has been made between the WS-TSVD-based technique, with reference to the traditional scalogram, and the RWS-TSVDbased procedure, with reference to the reassigned one. The first two time histories have a duration of 30 s, while the third has a duration of 10 s.
Observing the results in Table 4 , the ERA provides a complete dynamic description for the analyzed system only in the case (c), since the recordings (a) and (b) are too short to allow an efficient execution of RD technique and NExT, while the wavelet-based procedures work properly even with short recordings. It is also noted that in general the reassigned scalogram is more accurate in determining the natural frequencies, especially for the first modes. Moreover, the third column associated with the RWS-TSVD-based method shows an improvement with respect to the WS-TSVD-based procedure, as regards the estimation of natural frequencies.
Repeating the tests by using a stationary excitation (as the one of Figure 8 (a)), with a duration of 5 minutes, all the modes are identified through the NExT-ERA technique and the obtained results are comparable to those obtained through the RWS-TSVD-based procedure (the average error over all modes is of 1.76%), while using a nonstationary input with a duration of 5 minutes, all the modes are identified through the RD-ERA technique, with an average error over all modes equal to 3.74% and a maximum value of 8.48%. The results obtained through the RWS-TSVD-based procedure, on the other hand, are not dependent on the duration of the recording, since the errors computed on longer tests are similar to those shown in Table 4 . It is observed that in wavelet-based techniques the nature of the excitation does not affect the estimation error on modal frequencies, but the number of estimated modes. In fact, as we can see in Table 4 , not all the modes have been identified in the impulsive excitation test. This happens because the frequency spectrum of the input of Figure 8 (c) has low values for the range between 7 and 15 Hz and thus generates structural responses in which the third and fourth vibration modes have low energy level. By performing the wavelet analysis on these responses, the energy peaks associated with the last two modes are low and widespread in the time-frequency plane. For this reason, by using the WS-TSVD-based procedure, the peaks associated with the last two modes are classified as noise and therefore discarded by the algorithm. Instead, by applying the RWS-TSVD-based method, the third mode is also identified, since the associated energy peak is sharper in the time-frequency plane and therefore is recognized as representative of a structural mode. The fourth mode would only be identified by lowering the threshold of the RMS-based filter, but in this case, other noise-related modes would also be recognized as structural modes.
In order to obtain good results in terms of frequencies by using the described wavelet-based techniques, an excitation characterized by a sufficiently wide spectrum of frequencies (i.e., that includes the natural frequencies of the analyzed structure) is therefore necessary, regardless of whether it has stationary or nonstationary characteristics over time. As for the singular vectors instead, the best results are obtained for impulsive excitation, that is, in the case of free vibration. In order to set up the damage detection procedure, the flexibility matrix G or Γ has to be computed. Assuming that the mass matrix is unknown, one of the simplest criteria to mass-normalize the modal matrix is that of assuming a constant distribution of masses along the structure. In order to reduce the error due to the nature of input time histories, ten repeated tests are carried out. For each test, unitarymass-normalized vectors and left singular vectors are used to compute, respectively,G andΓ, whose mean values (of each element, computed over the whole set of experiments) and errors are reported in Tables 5 and 6 . Errors are evaluated between estimated matricesG,Γ and the analytic matrix G-reported at (27)-dividing each for its maximum value, in order to assess the ratios between the elements of each matrix.
It is observed from Tables 5 and 6 that the errors evaluated for theΓ matrix are on average greater than those estimated on theĜ matrix. This happens because the masses of the analyzed structure are rather uniformly distributed and the unitary normalization of modal vectors produces an accurate estimate of the modal matrix. These errors may have a limited influence on the results of damage detection: this aspect is the object of the following section.
Damage Detection.
In order to assess the reliability of using singular vectors instead of modal vectors for the purposes of damage detection under the assumption of unknown masses, four different examples of damaged structure are analyzed. Consider the structure represented in Figure 7 , with damaged columns, according to the patterns described in Table 7 . For the sake of brevity, the modal parameters estimated in a single identification procedure (by using the RWS-TSVD-based approach for the estimation of natural frequencies and SVD for the extraction of singular vectors) are reported in Table 8 only for the damage pattern D1. It should also be noted that the tests for the damaged condition are carried out by using inputs uncorrelated to the ones used for the undamaged condition. We indicate with◼ the terms related to the damaged structure, obtained by identification tests. From the identified parameters, it is possible to evaluate the matricesG andΓ (assuming a homogeneous distribution of masses along the structure) associated with the damaged frame and, by using relations (17)- (18), the percentage losses in the story stiffness. Ten repeated tests are performed, each by using a 30-second segment of a 5-minute time history, in order to avoid errors due to the nature of each input segment. In Table 9 , the mean values of stiffness decrease, computed for each test by using the RWS-TSVD-based algorithm and the singular vectors, are reported, in the case of complete and partial identification, for which it is assumed that only the first vibration mode is detected, while in Table 10 the results obtained by using ERA are reported, as an example of modal vectors-based procedures.
By selecting the negative terms only, as the positive ones indicate an increase in stiffness and are due to estimation errors, the SVD-based method is particularly effective in both localization and damage quantification, with a maximum evaluation error of 0.79%, even in case of partial identification. The errors obtained by the two approaches for the damage detection are absolutely comparable, despite the different errors on flexibility matrices computed in the previous section (Tables 5 and 6 ). Table 11 and damage pattern D3 of Table 7 .
In order to prove, independently of the instrumentation sensitivity, that the SVD-based method works efficiently for the damage detection if masses are supposed as equally distributed when the real distribution is different, Figure 12 shows the mean errors (over all DOFs, for each mass pattern described in Table 11 ) of damage indices obtained by using analytical parameters instead of the identified ones. The tests are performed on the structure analyzed in the previous example, with different mass patterns and a multiple damage condition represented by the pattern D3 of Table 7 .
Regarding the modal vectors-based procedure, the flexibility matrices have been calculated by using the analytic matrices Ω and Φ, normalized to unitary masses, while the results concerning the SVD-based procedure are computed by using the analytic matrix Ω and the left singular vectors, obtained from the impulse response functions of the considered shear-type frame, without adding noise to the recordings (Figure 3) .
In Figure 13 the average percentage errors on the flexibility matrix for the damaged condition, computed through the two analyzed approaches, are reported. The error is evaluated as the average of the errors calculated on each element of the matrix. It is noted that these values are independent from those computed for the damage indices.
The mean error on damage indices (over all the tests, with reference to Table 11 ) for the classical procedure is of 0.25%, while for the SVD-based procedure it is of 0.19%. Since these values are very close and low, it emerges that both relations (17) and (18) work properly for the purposes of damage detection, independently of the error of flexibility matrices. Furthermore, the SVD-based approach does not require any introduction of additional estimated quantities. Indeed, while vectors have to be mass-normalized, and in the absence of the knowledge of structural masses, additional error could be introduced by a wrong assumption on the mass matrix, and vectors are already mass-representative. In fact, it can be seen that SVD-based procedure suffers from slightly lower errors than the classical one, in most cases where the masses are not uniformly distributed. It is also noted that vectors are D1  15% at the 1st story  3  0  0  0  D2  15% at the 2nd story  0  3  0  0  D3 15% at the 1st and 10% at the 2nd story 3 2 0 0 D4 15% at the 1st, 15% at the 2nd, and 30% at the 3rd story 3 3 6 0 considerably simpler to be computed than vectors, which require the use of complex algorithms.
Continuous Structures.
With the aim of proving the generality of the outlined methods, the identification procedure and the damage detection algorithm are also applied Mean error (%) Figure 13 : Comparison of average absolute errors on analytical flexibility matrix of the damaged condition, computed by traditional modal vectors-based procedure and SVD-based procedure with reference to the mass patterns of Table 11 and damage pattern D3 of Table 7 .
to continuous structures. The accelerogram of Figure 8 (b) is used for modal identification purposes while, for the damage detection, a set of ten repeated tests with input stochastic acceleration, not related to the time history (b), are used.
Shear-Deflecting Cantilever
Beam. The first analyzed continuous structure consists in a shear-deflecting cantilever beam with homogeneously distributed mass (all the geometric parameters are reported in Table 12 ). Modal identification is performed on the time history collected by the sensor S2 (positioned as in Figure 14 , where is a constant spacing between the sensors) and by exciting the structure with the accelerogram of Figure 8 (b) as a ground acceleration. Other time histories are collected from sensors S1 to S8, in order to carry out damage detection tests. Each recording is affected by an artificial added noise of 5% with respect to the collected signals (in terms of energy).
The modal identification results for the undamaged structure are reported in Table 13 , with the comparison to analytical values and the relative errors. Two different tests are conducted for the damage detection, by considering 4 and 8 equally spaced sensors along the structure (Figure 14) .
Assuming damage at the base of the structure, which can be modeled as a stiffness decrease of the first segment 0.5 s long (Figure 14) , equal to 20% of its total stiffness, the damage detection procedure should evaluate a 11% decrease for the 8-sensor analysis and a 6% decrease for the 4-sensor analysis. The results of these tests are reported in Table 14 . It should be noted that the second identification case can be obtained by using a smaller number of sensors and performing repeated tests, each by displacing all the accelerometers except one, necessary for normalizing modal vector elements to the same value. In this way, it is possible to increase the discretization level of the analyzed structures in order to better assess the localization of the damage. The errors reported in Table 14 are higher with respect to the errors estimated in the previous simple case (the maximum error is of 3.81%). However, the procedure still works for damage detection purposes and further tests may be conducted if necessary.
Continuous Bending Moment-Deflecting Cantilever
Beam. Modal identification and damage detection procedures are finally performed on a bending moment-deflecting cantilever beam (whose parameters are reported in Table 15 ), on which 4 equally spaced accelerometers are arranged, starting at +3.00 m from the base (as in Figure 14 , on the left). As in the previous paragraphs, collected signals are affected by a 5% noise (in terms of energy, with respect to the registered signals). The evaluated modal parameters are reported in Table 16 together with the respective estimation errors.
Assuming damage at the base of the structure (affecting the segment between 0.0 and +3.0 m), which can be modeled as a 20% decrease in stiffness, the analysis results are reported in Table 17 .
In a further analysis, it is assumed that there are two damaged segments, the first of which is between +2.0 m and +3.0 m, with a 30% reduction in overall stiffness, and the second one between the +5.5 m and +6.0 m, with a 50% reduction in overall stiffness. Performing the analysis with the sensor arrangement used in the previous case, only the first damage from the base would be properly evaluated, as the rotations computed for the upper control points would be inaccurate. By performing a set of four repeated tests on the damaged structure, each after displacing the sensors ( Figure 6 ), a flexibility matrix of order 12 is obtained. The identified damage indices compared to the theoretical ones are reported in Table 18 . It is noted that up to the height of +5.0 m the identification is correct, while beyond the +6.0 m height invalid values are recorded (i.e., positive, across the allowed error range). By carrying out further tests and installing the sensors S3, S2, and S1 at +5.5 m, +6.5 m, and +7.5 m, a local analysis can be performed to identify the damage with a sensitivity range of 0.5 m (Table 19) .
As expected, the errors evaluated in the tests carried out in this paragraph are on average higher than those of the previous cases. However, the more the discretization interval is reduced (by performing a large set of repeated tests), the more the obtained results are accurate. In fact, after a preliminary test to locate the damaged areas, it is possible to perform subsequent local tests by providing all available sensors in the concerned segment.
Conclusions
Two aspects have been addressed in this paper: the first, which is the main purpose, is to study the effectiveness of using singular vectors within a flexibility-based damage detection procedure if the structural masses are unknown; the second is to evaluate the improvements in modal parameters estimation by using the energy reassignment into the framework of a wavelet-based identification procedure. These topics, in particular, have been addressed under nonstationary excitation, for the case of reduced availability of sensors, for which the wavelet-based procedure is also useful for signal sparsification.
As concerns the use of singular vectors as damage sensitive parameters, it has been shown that the results of SVD-based damage estimation are comparable with those obtained by modal matrices. In some cases, the SVD-based damage detection has provided also better results, especially for nonuniformly distributed masses, even if the flexibility matrices computed on singular vectors are on average less precise than those evaluated by modal matrices. It is further observed that singular vectors are generally obtainable in a simpler way with respect to modal vectors. Moreover, by means of the described wavelet-based sparsification technique, they can also be calculated in the case of a limited number of sensors.
Since the sparsification procedure allows a correct estimation for natural frequencies (also necessary to build the flexibility matrix) even under nonstationary excitation, the aspect of dynamic identification has been deepened. In this context a variation to a wavelet-based algorithm described in the literature has been proposed by introducing the energy reassignment. A comparison has been made between the results obtained by means of the RWS-TSVD-based procedure, the original WS-TSVD-based algorithm, and other classical identification techniques capable of computing natural frequencies and modal vectors (for which the ERA has been chosen since it is still one of the most used algorithms in the identification field).
These comparisons have shown that wavelet-based techniques are reliable even in the case of short and nonstationary recordings. However, in order to eliminate the errors in natural frequencies due to the type of excitation and the sensitivity of sensors, several repeated tests have been performed, with the aim of obtaining averaged parameters that are as sensitive as possible only to the changes in structural characteristics. Moreover, in the case of reduced availability of instrumentation, such repeated tests can be performed by displacing the sensors, so as to obtain a more precise discretization and a higher order of the flexibility matrix.
The described procedures are applicable to a wide range of structural schemes, some of which have been studied in the applications part: several tests have been conducted in case of single and multiple damage, obtaining reliable results on both discrete and continuous structures.
